May 26, 2016 Math 2X03 Dr. Prayat Poudel

Midterm A 150 Minutes

Full Name Student I.D.

Solution

THIS EXAMINATION PAPER INCLUDES 9 PAGES AND 8 QUESTIONS. YOU ARE RE-
SPONSIBLE FOR ENSURING THAT YOUR COPY OF THE PAPER IS COMPLETE. BRING
ANY DISCREPANCY TO THE ATTENTION OF YOUR INVIGILATOR.

INSTRUCTIONS: No aids except the standard Casio fx991 calculator are permitted.

Problem | Points | Score

1 15
2 10
3 10
4 15
5 15
6 15
7 15
8 5

Total: 100
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Math 2X03 - Midterm A

1. (15 points) Find the mass of the solid tetrahedron with vertices (0,0, 0), (%, 0,0), (0,1,0), and
(0,0,1), and density function p(z,y, 2z) = x.

The equation of the solid tetrahedron with (0,0, 0), (%,0,0), (0,1,0), and (0,0, 1) is given by

dJr+y+z=1

Then the mass of tetrahedron is given by

m = /// p(x,y,z)dV
E
% 1-3z pl-3z—y % 1-3z z=1-3z—y
:/ / / :cdzdydx:/ / Tz dy dx
0 0 0 0 0 =
1-3z 1-3z
/ / z(1—3z—vy dydac—/ / x — 32° — zydy de
1-3x z=1-3x—y 1-3z
/ Tz dydx—/ / (1 —3x —y)dydz
0

/0 z=0
L3z 1 2 |y=1-3z
3 2 2
:/ / x —3x —xydydx:/ zy — 3z’y — dx
o Jo 0 2 y=0
1
3 1 —3xz)?
:/3 x(l—3x)—3x2(1—3x)—x(2x)dx
0
1
3 9
:/03§—3x2+2903dw
9 1
|2 39 4|?
_[4 ’ +8x]0
1
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Math 2X03 - Midterm A

2. (10 points) Evaluate the integral
VT VT
/ / cos(z?) dz dy
0 Y

Let E denote the region of integration which is a Type II region,
E={(z.y/0<y<vmy<z<n}

To solve the above integral we notice that the region of integration F is both a Type I and Type
II. Therefore we will solve it be reversing the order of integration. The region of integration is
the shaded region in the figure below.

Therefore, E can be expressed as a Type I region :

E={(z,y)0<z<Vm0<y<a}

VT VT VT
/ / cos(z?) dx dy = / / cos(z?) dy dz
0o Jy o Jo
VT

y=z VT
:/ y cos(z?) dwz/ z cos(z?) dx
0 0

y=0
Use substitution © = z? and change limits of integration to u

May 26, 2016 Page 3 of 9



Math 2X03 - Midterm A

3. (10 points) The Average value of a function f of two variables defined on a region R is

defined to be

Fave = A(lR) / /R f(,y) dA

where A(R) denotes the area of the region R.

Ler R be the region bounded by a semi-circle of radius 2, a semi-circle of radius 1, and the
x-axis (this R lies in the region {y > 0}). Compute the average value of the function

over R.

P

-2

Then

-1

= //I;f(-%y) dA

flz,y) ="V

The area of region R is

The region R in polar coordinates is given by

R={(r,0)|[1<r<2,0<60<m}.

s 2
/ do / e rdr [Use substitution u = 7]
T Jo 1
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Math 2X03 - Midterm A

4. (15 points) Use the transformation T'(u,v) = (u,u + v) (i.e z(u,v) = u, y(u,v) = u+v) to
evaluate the integral,

4 r+4 1
————dydx
/1 /x+1 Vary — 22
Under the transformation 7' given by x(u,v) = u, y(u,v) = u + v, we see that the line x = 1,
x = 4 are the image of the line u = 1 and v = 4. On the other hand,

y=2+1 <<= ut+v=u+1 << v=1
y=2+4 <= ut+v=u+4 <= v=4

Therefore our region S is the region bounded by lines u = 1, u = 4, v = 1 and v = 4 (see figure
below)

v Y =x+4
Y y=x+1

0 1 4 u 0 1 4 T

The change of variable formula is

J[ samaa= [[ o, seon 500

Iz, y)| |10
O(u,v) 11

Then using the change of formula from above, we get

du dv

=1

As z(u,v) = u, y(u,v) = u+ v,

I(z,y)

// dydx://
1 Jat1 /wy — 22 11 Vau(u+v) —u? [0(u,v)
Tt ! 1/2 ! 1/2
= dudv—/ u- du/ v 4 do
/1 /1 V uv J1 J1

4 4
2wV =42-1)(2-1)=4
1 1

du dv

= 2u!/?
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Math 2X03 - Midterm A

5. (15 points) Find the volume of the region E bounded by the paraboloids z = x? + y? and
2z =36 — 322 — 312

The volume of region F is given by

voi(e) = [[[ 1av

The paraboloids z = 22 + % and z = 36 — 322 — 3y intersect at

2?47 =36—322 -3y = 4’ + 47 =36 = 2> +y* =9

Then the region can be described in terms of cylindrical coordinates as

E={(r0,2)0<r<3,0<60<2mr?<z<36-3?}

Therefore,

2 3 r36—3r2
Vol(E)—/// ldV—/ / / rdzdfdr
E o Jo Jr2
2 3
[ [
o Jo
2 3
:/ / r(36 — 3r* —r®) d dr
o Jo

27 3
= / d0/ 36r — 473 dr
0 0

=27 [187“2 — rﬂg
= 27(162 — 81)
= 1627

2=36—23r2
de dr
z=r?
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Math 2X03 - Midterm A

6. (15 points) Evaluate the integral

J[[evav

where E is the region above the cone z = /2 4 42, below the sphere 22 4+ ¢ + 22 = 16 and
in the first octant.

The cone z = /22 + y? can be expressed in spherical coordinates by ¢ = %, and the sphere
22 +y? + 22 = 16 can be expressed as p = 4.

Then the region E can be described in spherical coordinates as

E = {(p,9¢)|0<p<4 0<< -,0<9p<

}

N

<%y
2’
Then,
SV ER R o .
/// xde:/ / / (p”sin g cos @) (psin ¢ sin@)psin ¢ dp df dp
E
/ p dp/ cos&smﬁd@/ sin® ¢ dop

p=4 O=m/2
= [%} [SH; 9] /0 sin ¢(1 — cos? ¢) dep

p=0 0=0
$ (1 m/4
:.(_0>/ sin ¢ — sin ¢ cos® ¢ do
) 2 0
3 w/4
:¥. [—cosqﬁ—i—coz ﬂo
512 | V2 V2 1
g (e
128
= - (8-5V2)
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Math 2X03 - Midterm A

7. (15 points) (a) (11 points) Find % and %, where

flu,v,w) = Vu2+0v2+w?, u=zxe’,v=ye", w=e"

af w o of v o v
VR rotw? B Vil tuw? ow Vot u?

O _ oy O . QW oy
or 833_3! ' 8x_y
oy 7 oy 7 9y

05 _0f0u 0§ 0v  0f du _ wehed 4 yetyer 4 eyet
dor Oudr Ovdxr Owdr \/(xey)2 + (ye®)? + (e%¥)2

Of 0f0u Ofdv  Of Ov _ zeVwe¥ +ye"e” + e™Vwe™
oy Oudy Ovdy Owdy V(wey)2 £ (ye®)2 4 (exv)?2

May 26, 2016 Page 8 of 9



Math 2X03 - Midterm A

(b) (4 points) Recall that the equation of the tangent plane to the surface z = f(z,y) at the
point P(xo, Yo, 20) is given by

z— 20 = faz(20,y0)(x — x0) + fy(z0,y0)(y — Yo)

Use you answer in part (a) to find the equation of the tangent plane to the curve z =
f(‘r?y)’ when (3707?)/0) = (05 2)

u(0,2) =0, v(0,2) =2, w(0,2) =1

£:0.2) = 2= = i 1,0.2) =

20=£(0,2) =024+224+12=1/5

B

The the equation of the tangent plane is given by

z—+b5 = 0 (x—=0)+ —=(y—2)

8. (5 points) A function f of two variables is called continuous at (a,b) if

lim z,y) = f(a,b
(x,y)—>(a,b)f( y) = f(a,b)

Determine if the following function

$4—4y2
flz,y) = 22 + 22 if (x,y) # (0,0)

3 if(x,y) = (0,0)

is continuous at (0,0).

First we need to compute  lim  f(x,y).

(z,9)—(0,0)
A
If we approach (0,0) along along the z-axis, we have y = 0. Then f(z,0) = 1—2 = 22 for all
x
x # 0. Therefore f(x,y) — 0 as (x,y) — (0,0) along the z-axis.
— 442
If we approach (0,0) along along the y-axis, we have z = 0. Then f(0,y) = 5 z = —2 for all
Y
y # 0. Therefore f(z,y) - —2 as (z,y) — (0,0) along the y-axis.
Since f has two different limits along two different lines, lim  f(z,y) does not exist.

(,y)—(0,0)

Since the limit does not exist, f is not continuous at (0,0).
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